We classify the finite semigroups S, for which all Z-orders Γ of QS, the unit group U(Γ) is hyperbolic. We also classify the RA-loops L for which the unit loop of its integral loop ring does not contain any free abelian subgroup of rank two.
Introduction
Initially we classify finite dimensional algebras A over Q such that if Γ ⊂ A is a Z-order then U(Γ) is hyperbolic. If A is such an algebra, we say that A has the hyperbolic property.
In [6] , are classified the semigroups Σ with U(ZΣ) finite. Therefore, for this class of semigroups the algebra QΣ has the hyperbolic property.
First we classify the semisimple algebras QS which are nilpotent free. If QS has nilpotent elements there are two possibilities: either S contains nilpotent elements, or not. In the latter case S is a disjoint union of groups of certain types. In the former, S is a union of groups and a subsemigroup of order five. We also give the structure of S when QS is non-semisimple and has the hyperbolic property.
In the last section we classify the RA-loops L, such that, Z 2 ֒→U(ZL).
Semigroup Algebras
Definition 2.1 Let A be a Q-finitely generated algebra and Γ a Z-order of A.
we say A has the hyperbolic property. 2. G is a hamiltonian 2-group;
The algebra A has the hyperbolic property and is semisimple with nilpotent elements if, and only if,
A = (⊕A i ) ⊕ M 2 (Q).
The algebra A has the hyperbolic property and is non semi-simple with central radical if, and only if,
A = (⊕A i ) ⊕ J.
The algebra A has the hyperbolic property and is non semi-simple with non central radical if, and only if,
A = (⊕A i ) ⊕ T 2 (Q).
For each item above, F i is an imaginary quadratic field and either
In what follows, M 0 (G, n, P ) denotes the Rees semigroup with structural group G and P an n × n sandwich matrix. 2. G is a hamiltonian 2-group;
K is an ideal of S, isomorphic with:
Theorem 2.5 Let S be a finite semigroup. The algebra QS is non-semisimple and has the hyperbolic property if, and only if, there exists a unique nilpotent element j 0 ∈ S, such that, the subsemigroup I = {θ, j 0 } is an ideal of S, and S \ I admits a principal series whose principal factors are isomorphic to abelian groups of exponent dividing 4 or 6, or a hamiltonian 2-group. In particular S/I is the disjoint union of its maximal subgroups G 1 , · · · , G N such that if e 1 ∈ G 1 and e N ∈ G N are the identities of the groups such that e 1 j 0 = j 0 e N = j 0 , then writing
only one of the following conditions is satisfied.
1.
e 1 e N = 0 ⇔ e N e 1 = 0 and λ + µ = 0.
In this case, T 2 = {e 1 , e N , j 0 , θ} is a subsemigroup of S such that QT 2 ∼ = T 2 (Q).
2.
If e N e 1 = 0 then e 1 e N = e N e 1 =: e 3 and λ + µ = 0.
In this case, T ′ 2 = {e 1 , e 2 , e 3 , j 0 , θ} is a subsemigroup of S and QT
3.
e N e 1 = 0 ⇔ e 1 e N = j 0 ⇔ λ + µ = 1.
In this case,T 2 = {e 1 , e N , j 0 , θ} is a subsemigroup of S such that QT 2 ∼ = T 2 (Q).
The semigroups T 2 , T ′ 2 andT 2 are non isomorphic.
3 The hiperbolicity of the RA-loop loop units 
